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It is shown that generalized Moore geometries of type GM4(s, t, s + 1), with st > 1, do not 
exist. 
1. Introduction 
In three earlier papers [1-3] the first two authors have shown that the 
intersection matrix L,,,(s, t) of the point graph of a generalized Moore geometry 
of type Gm(s, t, s + 1) is not feasible if the diameter m is larger than 5. 
In this paper we deal with the case m = 4. The main result of this paper is 
Theorem 1.1. L4(s, t), with st > 1, is not feasible. 
For the relevant literature and most of the definitions and conventions the 
reader is referred to [1]. The next section contains an explicit description of the 
(reduced) characteristic polynomial of L4(s, t), and it is shown that this 
polynomial admits a decomposition i to two closely related factors of degree 2 
each. In Section 3 it is first shown that at least one of these factors must be 
reducible, and as a corollary we obtain that st must be a square if L4(s, t) is 
feasible. Using this it follows that both factors are reducible, and hence all 
eigenvalues of L4(s, t) are rational integers in the case of feasibility. Then in 
Section 4 the feasibility of L4(s, t) is reduced to the solvability of a set of two 
diophantic equations. 
It is shown that this set of equations admits no integral solution, and so the 
main result follows. 
Let us finally point out the quite unsatisfactory fact that we did not succeed in 
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solving the feasibility problem for Ls(s, t). We can show that in the case of 
feasibility of Ls(s, t) the following two polynomial equations in # have integral 
roots: 
#2 + s# - st = O, 
#3 + s#2 _ 3st# - 2s2t = O. 
Considering the discriminants of the equations leads to a diophantic problem 
we were unable to solve so far. 
2. Preliminaries 
As we pointed out in [3, Section 2] the incidence structure GMm(s, t, s + 1) 
cannot exist for t < s. Therefore we assume throughout he text that t ~>s. To 
exclude trivialities we only admit st > 1. The reduced characteristic equation of 
L4(s, t) has the form 
#4 + 2S#3 _]_ S($ -- 3t)#2 -- 4s2t# + s2t(t -- s) = O, (1) 
(cf. [1, Section 2]). This equation can be split into the equations 
h(#) := #2 + (s + r)# + r(s - r )=  0, (2) 
k(#) := #2 + (s - r )# - r(s + r) = 0, (3) 
where we introduced r := V~ and # := 3. + 1 - s, with 3. any eigenvalue of L4(s, t) 
different from s(t  + 1), (of. also [1, Section 2.1] where the splitting of the reduced 
characteristic equation for any m was discussed). We know from [1, Theorem 2.1] 
that if L4(s, t) is feasible and st > 1, then # is either rational or quadratic with 
respect o Q, and that if # is quadratic its defining equation has the form 
where 
#2 + Au# + Av  - 4st = 0, (4) 
u = 4st - 3s - 5t + 4, (5) 
v = (st + 1)(3s + 5t ) -  16st, (6) 
and A is some rational number such that Au and Av are integral. In [3, eq. (6)] 
we introduced for reasons of convenience 
R :=Au,  Q :=Av - 4st. (7) 
3. Quadratic roots 
In this section we shall show that in case of feasibility Eq. (1) has no quadratic 
roots. As a preparation for this we first prove that 1: e Z. We will have 
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accomplished that proof as soon as we have shown that Eq. (1) has at least one 
integer root, since substitution of such a root in Eq. (2) or (3) implies 
immediately z e Z. 
Lemma 3.1. I f  L4(s , t) is feasible, then r ~ 7/. 
Proof. Assume that Eq. (1) has four quadratic roots. Then it can be written 
according to (4) as 
2 
I I  (#2 + R,# + Qi)= O, (8) 
i=l 
where R~ and Qi are  of the form (7) for some rational constants As (i e {1, 2}). 
Comparing the left hand sides of Eqs. (1) and (8) provides us with the relations 
R1 + R2 - 2s ,  
R1R2 + Q1 + Q2 = s(s - 3t), 
R1Q2 + R2Q1 = -4s2t, 
Q1Q2 = s2t(t - s). 
(9) 
(10) 
(11) 
(12) 
Substituting Ri = A iu  and Q~ = Aiv -  4st (i ~ {1, 2}) in these relations and using 
(9) to eliminate A1 + A2 yields 
A1A2 u2 + 2s 13 = s 2 + 5st, 
u 
AIA2UlJ = 2s2t ,  
A1A2132 _ 8s2t  13 = _ 15s2t2  _ s3t. 
U 
From (13) and (14) we derive 
2 - (s + 5t) + 2st = 0 
(13) 
(14) 
(15) 
(16) 
and from (14) and (15) 
13 
6-  = s + 15t. (17) 
U 
As one can easily verify by eliminating v /u  relations (16) and (17) imply s = 3t, 
which contradicts s ~ t. [] 
From now one we assume that 1: e 7 and hence hot) and k(/~) are polynomials 
in Z[~I. 
Lemma 3.2. I f  L4(s, t) is feasible, then Eqs. (2) and (3) have no quadratic roots. 
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Proof. Assume that Eq. (2) has quadratic roots. Using (4) we infer that there is 
a rational constant A such that 
Au = s + 17, Av  - 4s t  = 17s - st.  
Elimination of A from these equations gives the equality 
(s + 17)v- s(3t + 17)u = 0. (18) 
After substitution of the expressions (5) and (6) it turns out that we can write Eq. 
(18) as 
(s - 17)(3s + 517)(173 + 3172 + 17- -S172- -S17- -S )=0.  (19) 
Recall that s <~ t, whence s <~ 17. If s < 17 we have from (19) 
173 + 3172 + 17 2172 
S= 172+17+ 1 =17+~2+17+1>17'  
which is a contradiction. 
On the other hand, if ~=s  we have h(/z)=/z2+2s/~ which contradicts the 
assumption of quadratic roots. 
A similar proof shows that Eq. (3) has no quadratic roots in case of 
feasibility. [] 
4. Integer roots 
From Lemma 3.2 it follows that in case of feasibility Eq. (1) has four integer 
roots. In this section we shall prove that there are no values for s and t 
(t >I s, t > 1) such that Eqs. (2) and (3) both have integer roots. This amounts to 
showing that the discriminants of h(/~) and k(/z), which are respectively 
D1 :=41r 2+ (s - 1:) 2, (20) 
D2:= 41r 2 + (s + 17)2, (21) 
cannot both be rational squares. 
Since the left hand side of Eq. (1) is homogeneous in/z, s and t we may assume 
that (s, t) = 1 (cf. [3, Remark 3.3]). Hence, with a := V~ and b := VT, it suffices to 
prove the following theorem. 
Theorem 4.1. The set of equations 
4b 2 + (a + b) 2 = c 2 
4b 2 + (a - b) 2 = d 2 J 
together with the conditions 
a>0,  b >0,  (a, b )= l ,  
has no integer solution. 
(22) 
(23) 
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Proof. We apply the method of descent. From (22) it follows that 
a 4 + 6a2b 2 + 25b 2 = e 2, 
with 
(24) 
e - f = 2h 4, 
e - f = 8k 2, 
or  
e + f = 8k 2, b = hk, (28) 
e + f = 2h 4, b --- hk, (29) 
where h and k are positive integer numbers with h odd and (h, k )= 1. If (28) 
holds then one has, using (26), 
a 4 = 4k 4 - h 4 - 3h2k z= (4k 2 + h2)(k 2 - h2). (30) 
Now let p be a common prime divisor of 4k2+h 2 and k2-h  2, then 
P I ( 5k2, 5h2) and hence p = 5, since (h, k) = 1. But then 5 [ a which is false. 
Therefore the two factors in the rhs of (30) are coprime and each is a square. It 
follows that 4k 2 + h 2 --- 1 (rood 8) since h is odd, hence 4k 2 -- 0 (rood 8) and so k is 
even. However, then k 2 -  h2~ 1 (rood 8) and k 2 -  h 2 cannot be a square. We 
conclude that (28) does not hold. 
Similarly (29) implies 
a 2 = h 4 - 4k  4 - 3h2k  2. (31) 
If k is odd it follows that a 2 ----- 2 (rood 8) which is impossible. Hence, k is even and 
consequently a is odd. Substituting k = 2m we write Eq. (31) as 
100m a = (h 2 - 6m 2 + a)(h 2 - 6m 2 - a). (32) 
Let p be a common prime divisor of h2-6m2÷a and h2-6mE-a .  This 
implies p I ( 100m4, 2a) and hence p = 2 or p I (a, m), since 5,~a. But (h, k) = 1 
e =cd. (25) 
Assume that the pair of positive integer numbers a and b, with (a, b) = 1 forms 
the smallest positive solution of (24), in the sense that there is no such solution 
with a smaller positive value of a. Then 5~a since otherwise ~a and b would be a 
smaller positive solution. If we put 
f = a 2 + 3b 2, (26) 
then it follows from (24) that 
(e +f ) (e - f )= 16b 4. (27) 
Now a and b cannot both be odd, since that would imply f -  4 (mod 8) by (26). 
Consequently we would have f=4g,  g odd, and hence e2[16=g2+ 
b 4 -  2 (rood 8), which is impossible. 
So e and f are both odd. Since (a, b )= 1 we have by (26) that (f, 2b)= 1. 
Moreover, by (24) we have (e, 2b)= 1 and therefore (e +f ,  e - f )  = 2. Hence, 
according to (27), there are two possibilities. One has either 
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and therefore we have 
conclude from (32) that either 
h 2 - 6m 2 - a = 2u 4, 
or  
from (31) that (a, k )= (a, m)=l .  So p=2 and we 
h 2 - 6m 2 + a = 50v 4, m = uv ,  
h 2 - 6m 2 + a = 2u 4, h 2 - 6m 2 - a = 50v 4, m = uv ,  
where u and v are positive integer numbers, satisfying (u, v) = 1. In both cases 
we have 
h 2 = u 4 + 6u21~ 2+ 25134, 
showing that the pair of numbers u and v is again a solution of (24). 
Since a = +(u4-25v  4) we have u2+ 5t~Ela which implies u <a.  This con- 
tradicts our assumption that the pair a and b is the smallest positive solution of 
(24). [] 
Since we have proved now that the characteristic roots of L4(s, t )  can neither 
be quadratic nor rational Theorem 1.1 has been established. 
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